Twenty-five years ago R. Langlands proposed [L] a "fantastic generalization" of Artin-Hasse reciprocity law in the classical class field theory. He conjectured the existence of a correspondence between automorphic irreducible infinite-dimensional representations of a reductive group G over a global number field on the one hand, and (roughly speaking) finite dimensionsional representations of the Galois group of the field, on the other hand. Following an earlier idea of A.Weil, Langlands' conjecture was reinterpreted by V.Drinfeld [Dr 3] and G. Laumon [La] in purely geometric terms. In the complex geometry setup the number field gets replaced by a Riemann surface X, the Galois group of the field gets replaced by the fundamental group, π 1 (X), and an automorphic representation gets replaced by a perverse sheaf, cf.
The purpose of this note is to formulate some results and conjectures related to Langlands reciprocity for algebraic surfaces, as opposed to algebraic curves. That would amount, in number theory, to a non-abelian higher dimensional generalization of the class field theory, the subject that remains a total mystery at the moment. A key step of our geometric approach is a construction of Hecke operators for vector bundles on an algebraic surface. The main point of this paper is that in certain cases the corresponding algebra of Hecke operators turns out to be a homomorphic image of the quantum toroidal algebra. The latter is a quantization, in the spirit of Drinfeld [Dr 1] and Jimbo [Ji] , of the universal enveloping algebra of the universal central extension of a "doubleloop" Lie algebra. This yields, in particular, a new geometric construction of affine quantum groups of types A
(1) , D (1) and E (1) in terms of Hecke operators for an elliptic surface.
Our approach was motivated in part by a relation between instantons on ALE-spaces and affine Lie algebras discovered by Nakajima [Na 1] (which was in its turn motivated by Lusztig's construction [Lu] of quantum groups in terms of quivers and the Lagrangian construction of [Gi] ). Nakajima's results were also used by Vafa and Witten [VW] in verifying a special case of their S-duality conjecture. We believe, that there is in fact a very close connection between the Langlands' reciprocity for an algebraic surface and the S-duality conjecture for the underlying real 4-manifold. Suffices it to say that the interplay between a reductive group G and the Langlands dual group G ∨ is quite essential in both cases.
Proofs of the results announced in this paper will appear elsewhere.
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Hecke operators and Satake isomorphism.
We recall here the well-known, see e.g. [Dr 3], interpretation of Hecke operators in terms of moduli spaces.
Let C be a complete smooth curve over a finite field F p and x ∈ C an F prational point. Let M be the discrete set of isomorphism classes of F p -rational vector bundles on C of rank d. Given a vector bundle V ∈ M and W ⊂ V x , a linear subspace in the fiber of V at x, let A x (V, W ) denote the subsheaf of V consisting of sections whose value at x is contained in W . This sheaf is again locally free, hence, can be regarded as a new vector bundle on C, called the elementary transformation of V . Let C[M] be the vector space of C-valued functions on M with finite support. For any k = 1, . . . , d, the following sum is finite, hence defines a Hecke operator
Let H x denote the C-subalgebra of linear endomorphisms of the vector space C[M] generated by the operators T x,k , k = 1, . . . , d.
Let C[G]
G denote the algebra of the regular class functions on the complex algebraic group G = GL d (C). The classical theorem of Satake, combined with the fact that the natural H x -action makes C[M] a faithful H x -module, yields the following version of the Satake isomorphism.
Theorem 1.1. There is a natural algebra isomorphism:
2. Hecke operators for algebraic surfaces. We construct here certain analogues of Hecke operators for algebraic surfaces. These operators are associated to curves rather than to points on the surface.
Let S be a smooth projective surface over a finite field F p , and C ⊂ S a curve, i.e., possibly non-reduced subscheme, locally given by one equation defined over F p . Write M for the discrete set of the isomorphism classes of d-dimensional algebraic vector bundles on S, i.e., of locally free O S -sheaves in the Zariski topology. Given W ⊂ V | C , a subbundle (= subsheaf which is locally a direct summand) W in the restriction of V to C, we introduce the subsheaf A C (V, W ) in V to be formed by the sections of s ∈ V such that s| C ∈ W . This sheaf is locally free and, hence, can be regarded as a new vector bundle on S, see [Ma] .
Let O S (−C) be the invertible sheaf on S formed by functions vanishing at C, let O S (C) be its dual, and O C (−C) the (scheme theoretic) restriction of O S (−C) to C. Let C[M] denote the vector space of complex functions on M with finite support. To any vector bundle L on C we associate two Hecke
given by the following formulas
Assume now that C ≃ P 1 is a projective line. Let M C ⊂ M be the set of those vector bundles V whose restrictions to C have the form
Given V ∈ M C and W ⊂ V | C , a subbundle with quotient isomorphic to
Therefore, the operators T O C (−1) and T * O C (−1) are well defined on the vector space C[M C ], viewed as the subspace of functions on M vanishing off M C . We introduce the following modified operators E, F on C[M C ] :
Define also the third operator K :
Recall now, that to any generalized Cartan matrix one can associate a Kac-Moody Lie algebra g. Furthermore, Drinfeld [Dr 1] and Jimbo [Ji] have defined a q-deformation, U q (g), of the universal enveloping algebra of g, the so-called quantized universal enveloping algebra.
The following crucial observation is at the origin of the relationship between quantum groups and Hecke operators. Proposition 2.3. If the curve C is isomorphic to P 1 and has self-intersection (−2) in S, then the operators E, F and K satisfy the commutation relations of the standard Chevalley generators of the algebra U q (sl 2 ), specialized at q = p 1/2 .
Remark. An analogue of the proposition still holds if the projective line C = P 1 ⊂ S has an arbitrary negative self-intersection −m < 0. Then, one should consider vector bundles V on S such that V | C is a direct sum of several copies of the sheaves O P 1 (0), . . . , O P 1 (m) . Observe next that decomposition of a vector bundle V on P 1 into a direct sum of line bundles, like (2.1), is not canonical in general. What is only canonical is the filtration by subbundles 0 = . . .
. The filtration F • V measures the "unstability" of the vector bundle V and is called the Harder-Narasimhan filtration. Thus, for any point x ∈ P 1 , the fiber V x of V acquires a canonical finite increasing filtration
We now turn to a more general case where C ⊂ S is a reducible algebraic curve with smooth irreducible components C i , i ∈ ∆, isomorphic to P 1 each. Assume in addition that different components intersect each other transversely, and each C i has self-intersection (−2). Thus, the intersection matrix of the irreducible components of C is the opposite of a generalized Cartan matrix, a(C) .
Call a vector bundle V on the curve C admissible if the following conditions hold :
(i) For each irreducible component C i , the restriction V | C i has a direct some decomposition like (2.1). (ii) For any intersection point x of two adjacent components C i and C j , the two flags in the fiber at
induced by the canonical Harder-Narasimhan filtrations on V | C i and V | C j are in generic relative position. Fix an integer d ≥ 1 and let M C be the moduli space of d-dimensional algebraic vector bundles on the surface S that have admissible restriction to C. .2), but with respect to the corresponding component C i . The following result motivated by Nakajima [Na 1] gives way to an interpretation of any quantized Kac-Moody algebra U q (g) in terms of Hecke operators.
Theorem 2.4. Let g be the Kac-Moody algebra whose Cartan matrix is a(C) , the opposite of the intersection matrix. Then, the operators {E i , F i , K i ∈ End C[M C ], i ∈ ∆} satisfy the quantum Serre relations for the standard Chevalley generators of the quantum algebra U q (g), specialized at q = p 1/2 .
Remarks. (i) During the preparation of this paper we received Nakajima's preprint [Na 2] where a similar result is proved in the setup of instantons on an ALE-space (=desingularization of C 2 /Γ for a finite subgroup Γ ⊂ SL 2 (C)) instead of algebraic vector bundles on a compact algebraic surface. Nakajima's proof is based on an explicit ADHM-type construction of instantons on an ALEspace in terms of a linear algebra data. There is no ADHM-type construction for an arbitrary surface, of course. Our approach is different. We verify the Serre relations directly using a local geometry of vector bundles on a small neighborhood of the curve C ⊂ S. Somewhat miraculously, the actual computation turns out to be quite similar to the computation involving the Grassmannians of k-planes in (
(ii) There are many interesting example of configurations of P 1 's on surfaces other than ALE-spaces. Take, for instance, an Enriques surface S containing a configuration with intersection matrix of affine type E
(1) 8 , see [Ko] . The double cover S ′ of S is a K3-surface with two such configurations not intersecting each other. Thus, we get an action on an appropriate space C[M C ] of two commuting copies of the quantum algebra U q (g), where g is the affine Lie algebra of type E (1) 8 . We would like to thank R. Bezrukavnikov for pointing out this example.
We now turn to Langlands reciprocity. Let S be an arbitrary smooth projective surface over F p , and C ⊂ S an algebraic curve. Let M be the set of F p -rational algebraic vector bundles on S of rank d, and M
• ⊂ M the subset of all vector bundles that are trivial on S \ C. Choose an integer l prime to p, and let Loc C be the set of l-adic local systems on C of rank d. Then we conjecture the following : 2.5. Langlands conjecture for surfaces. (i) For any pair (S, C), there is a natural algebra homomorphism
Assume next that S is a complex smooth projective surface with a holomorphic symplectic structure (e.g., a K3-surface) and C ⊂ S a connected algebraic curve. Let M denote the moduli stack of algebraic (not necessarily stable) vector bundles with trivial determinant on S, and let M
• denote the subspace of the vector bundles trivial on S \ C. The symplectic structure on S induces a canonical symplectic structure on M. The following conjecture is motivated, in part, by the relationship, see Witten [Wi] , between 2-dimensional field theory and 3-dimensional Chern-Simons theory. Conjecture 2.6. M
• is a Lagrangian subvariety in M.
3. Quantum toroidal algebras. Given a complex semisimple Lie algebra g, write g(z, u) for the Lie algebra of all (Laurent) polynomial maps C * × C * → g with the pointwise bracket. This 'double-loop' Lie algebra has a universal central extension by the infinite dimensional vector space Ω 1 /dΩ 0 , where Ω i stands for polynomial i-forms on C * × C * . The extension is denoted g tor and is called the toroidal Lie algebra associated to g. A description of toroidal algebras in terms of generators and relations was first given in [MRY] . We now sketch a construction of a quantum deformation of the universal enveloping algebra U (g tor ).
Assume first that g = sl 2 . The quantum toroidal algebra, U q (sl 2,tor ), is a C(q)-algebra on generators
that satisfy, in particular, the following relations
involving the 'double-extended' Cartan matrix:
Further, if |j − i| ≤ 1 we have :
and if |j − i| = 1 the following Serre-type relations hold:
where i j denote q-binomial coefficients. In addition, whenever j − i = ±2 we have (put "±" respectively):
There are infinitely many other relations of higher order, however. Therefore, for general semisimple Lie algebras, it will be more convenient to use an alternative approach similar to the "loop-like" realization of quantum affine algebras, introduced by Drinfeld [Dr 2].
Thus, given a semisimple Lie algebra g, let a αβ (α,β=0,1,... ,r) be the corresponding extended (i.e., affine) Cartan matrix. This matrix is symmetrizable, that is, there are mutually prime integers d 0 , d 1 , . . . , d r such that the matrix with the entries b αβ = d α · a αβ , (α, β = 0, 1, . . . , r) is symmetric. Thus, we have two (r + 1) × (r + 1)-matrices a αβ and b αβ .
Let A be the free associative
. Form the following generating functions :
We define the quantum toroidal algebra, U q (g tor ), to be the quotient of the free algebra A modulo a number of relations. These are most conveniently expressed in terms of the rational function θ m (z) = 
and the symmetrizations with respect to z 1 , z 2 , ..., z 1−a α,β of each of the following two expressions vanish :
The specialization of the quantum toroidal algebra at q = 1 reduces to the universal enveloping algebra U (g tor ). Furthermore, the quantum toroidal algebra has the natural structure of a Hopf algebra.
The double-loop Lie algebra g(z, w) has an obvious automorphism switching the two variables z and w. The following "quantized analogue" of this observation, motivated by [Ch] , clarifies the structure of U q (g tor ).
Proposition 3.1. Let U 1 ⊂ U q (g tor ) be the subalgebra generated by the elements E α,0 , F α,0 , K ± α , α = 0, 1, ...r, and let U 2 ⊂ U q (g tor ) be the subalgebra generated by all the coefficients of the generating functions E α (z), F α (z), K ± α (z), α = 1, 2...r (note that α = 0). Then we have (i) The algebras U 1 and U 2 are both isomorphic to the quantum enveloping algebra with affine Cartan matrix a αβ α,β=0,...,r . Moreover, U 1 ∩ U 2 = U q (g), is the quantum enveloping algebra with finite Cartan matrix a αβ α,β=1,...,r .
(ii) There is an automorphism of the algebra U q (g tor ) taking U 1 to U 2 .
Elliptic surface case.
The considerations of section 2 become much more concrete for elliptic surfaces. Thus, we fix in this section a smooth projective surface S, a smooth curve X, and a morphism π : S → X whose general fibre is an elliptic curve. Let o ∈ X be a point such that the fiber C = π −1 (o) is not isomorphic to an elliptic curve. Such a fiber C is known to be a connected rational curve. Call C a non-multiple special fiber if the multiplicities of the irreducible components of C are relatively prime. The local classification of non-multiple special fibers in elliptic surfaces, due to Kodaira [Ko] and Néron [Né] , says that except a few cases, they are all of the type considered in section 2. More precisely, if we exclude the special fibers of type A, C 1 , C 2 and C 3 , as given in table [Ta, p.46] , the irreducible components of a non-multiple special fiber, C, are isomorphic to P 1 each and their intersection matrix is the opposite of the Cartan matrix a(C) of an affine root system. Moreover, the correspondence a(C) ↔ C sets up a bijection between the affine root systems of type A
(1) , D (1) , E (1) and the possible types of non-multiple special fibers (different from A, C 1 , C 2 and C 3 ). Let g C denote the affine Lie algebra associated to a(C) . We thus obtain from theorem 2.4 the following result:
Theorem 4.1. The assignment of the algebra generated by the Hecke operators
, i ∈ ∆}, to a non-multiple special fiber of an elliptic surface yields a bijective correspondence between the possible types of a special fiber and the quantum affine algebras of type A
(1) , D (1) and E (1) .
It is likely that there is a similar interpretation of elliptic algebras (see [GKV] ) in terms of Hecke operators which correspond to a general non-singular fiber of an elliptic surface. When the fiber degenerates to a special one, the elliptic algebra should degenerate to a quantum affine algebra.
We now extend theorem 2.4 to quantum toroidal algebras. To that end, let C
• ⊂ S be the curve obtained from a non-multiple special fiber C of the elliptic surface S by removing one geometric component in such a way that the intersection matrix of the set ∆
• ⊂ ∆ of components of C • is of the corresponding (finite) type A, D, E. We view C
• as a scheme (scheme structure is induced by that on π −1 (o)), and let n i , i ∈ ∆ • , denote the multiplicities of the irreducible components of C
• . Observe that the integers n i are the coordinates of the maximal root of the root system ∆
• in the basis of simple roots.
In the setup of §2 we introduce two additional operators E 0 , F 0 corresponding to the reducible curve C
• as a whole by the formulas
. Recall d = rkV, and put
Theorem 4.2. Let g tor be the toroidal algebra associated with the affine Cartan matrix a(C) , the intersection matrix. Then, there is an algebra homomor-
The image of this homomorphism is the algebra generated by the Hecke operators {E i ,
Remark 4.3. The two subalgebras generated by the elements
• ∪ {0}} respectively correspond, via the theorem, to the subalgebras U 1 and U 2 introduced in Proposition 3.1.
5. K-theoretic construction of the toroidal algebra for sl n . Fix another positive integer n. In the special case g = sl n the quantum toroidal algebra U q (sl n,tor ) has an alternative definition. It is based on the well-known realization of the affine Lie algera of type A
(1) n as the subalgebra of "n-periodic" elements in the affine Lie algebra g ∞ of type A
(1) ∞ . Taking loops in both algebras yields an imbedding of the toroidal Lie algebra intoĝ ∞ , the central extension of the loop algebra on g ∞ . This way, the algebra U q (sl n,tor ) can be viewed as the subalgebra of "n-periodic" elements of U q (ĝ ∞ ) the quantized enveloping algebra associated (in the sense of [Dr 2]) with the Lie algebraĝ ∞ .
It is useful to "enlarge" the algebra U q (sl n,tor ) slightly and introduce an extended quantum toroidal algebra U with a central extra-generator D as follows. Let a αβ be the affine Cartan matrix of type A
(1) n−1 , and m αβ the n×n-matrix given by m αβ = δ α,β+1 − δ α+1,β , where α, β ∈ Z/nZ and δ is Kronecker's δ. Let U be quotient of the free associative C[q, q −1 , C, C −1 , D, D −1 ]-algebra on the same set of generators as in §3 modulo the modified relations
, and same Serre-type relations as in §3.
We produce below a geometric construction of the extended quantum toroidal algebra U. To that end, let K = C((z)) be the field of Laurent formal power series. Given an integer d ≥ 1, write K d for the d-dimensional coordinate vector space over K. By a lattice we mean a rank d free
Following an idea of Beilinson-Lusztig-MacPherson [BLM] in the finite case and its affine version introduced in [GV 1 ], let B be the "affine n-periodic partial flag variety" consisting of the sequences of lattices in K d of the form
The set of G(K)-orbits in B × B is known [GV] to be in (1-1)-correspondence with the set of Z × Z-matrices a ij subject to the following conditions :
(i) The entries of the matrix are non-negative integers such that, for any i, j ∈ Z, we have a i+n,j+n = a i,j ;
(ii) The matrix a ij has finitely many non-vanishing diagonals, i.e., there exists k >> 0 (depending on the matrix) such that a ij = 0 whenever |i − j| > k;
The group G(K) is an infinite-dimensional complex (algebraic) group. Similarly, the set B acquires the natural structure, cf. [KL 1], of an infinite dimensional complex variety, a direct limit of finite-dimensional projective varieties of increasing dimension. Next, we define T * B, a kind of "cotangent bundle" to B (which is not a vector bundle , cf. [Gi] ), as follows. Call an endomorphism x ∈ gl d (K) regular semisimple (see [KL 3] ) if it becomes regular semisimple after an extension of scalars from K toK, an algebraic closure of K. Further, for any endomorphism x ∈ gl d (K) write its characteristic polynomial
Let N rs be the set of all regular semisimple endomorphisms of
[λ] (no negative powers of z !). It is clear that 0 ∈ N rs and that, for any x ∈ N rs , there exists a lattice
We define the cotangent bundle to B as follows
Dilation automorphisms z → a · z , a ∈ C * of the field C((z)) give rise to a natural "rotation of the loop" C * -action on all the objects above.
Following the pattern of [KL 2], [Gi] , and [GV] , we introduce a subvariety Z ⊂ T * (B × B) to be the union of the conormal bundles to the G(K)-orbits in B × B. Clearly the variety Z is G(K)-stable with respect to the diagonal action. Thus, Z may be viewed as a (C * ⋉ G(K)) × C * -variety, where the first copy of C * accounts for the "rotation of the loop" action, and the last copy accounts for dilations along the fibers of the cotangent bundle. Set G = (C * ⋉ G(K)) × C * , and let K G (Z) denote the Grothendieck group of G-equivariant coherent (in an appropriate sense) sheaves on Z.
There is a convolution-type product on K G (Z) defined as follows (cf. [GV] , [CG] ). Let p ij : T * B × T * B × T * B → T * B × T * B denote the projection along the factor not named. Each fiber of the map
were shown in [KL 3], to be a disjoint union of finite dimensional projective varieties. Moreover, the image of this map equals Z. Given G-equivariant sheaves F , 
